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Abstract

In this note, we show that some results in [M.H. Shahzamanian, M. Shirmohammadi and B. Davvaz, Roughness in Cayley
graphs, Information Sciences, 180, 2010, 3362-3372] are not correct and present their modified versions.
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1. Introduction

Rough set theory was proposed by Pawlak as an extension of set theory [6]. In 1996, Kuroki and
Wang introduced the notion of a rough set with respect to a normal subgroup of a group and investigated
some properties of the lower and the upper approximations in a group [5]. But a decade later, Cheng et al.
proved that Propositions 2.4 and 2.5 of [5] are incorrect and gave their updated versions.
The Cayley graphs are the popular representations of groups by graphs, where first studied by Cayley
[2, 3]. In [7], Shahzamanian et al. studied rough approximations of Cayley graphs and pseudo-Cayley
graphs. They derived Theorems 4.6, 5.6 and 6.6 by using of Propositions 2.4 and 2.5 of [5]. The aim of this
note is to offer the modified versions of these incorrect theorems in [7].

2. Preliminaries

In the following, we first briefly review some definitions and terminologies related to rough sets and
graphs. For rough set and graph-theoretic concepts not defined here, we refer to [5] and [1], respectively. In
this note, all groups and graphs are finite.

Throughout this note, let Doy, = (a,b| a™ =b? =1, b~'ab = a~!) be the dihedral group of order 2n,
n>l1.

Let G be a group with identity 1, N be a normal subgroup of G and A be a non-empty subset of G.
Then the sets N_(A) = {x € G| Nx C A} and N(A) = {x € G| NxN A # ()} are called, respectively, the
lower and upper approximations of A with respect to N. Also, N(A) = (N_(A), NA(A)) is called a rough
set of A in G.

The statements of the following proposition are the modified versions of Propositions 2.4 and 2.5 in [5].
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Proposition 2.1 ([4]). Let H and N be normal subgroups of a group G. Let A be a non-empty subset of G.
Then

(1) (HAN)_(A)2 H_(A)UN_(A) D H_(A)NN_(A),
(2) (HNN)MA) C HMA)NNA(A) S HAMA)UND(A).

The union 't UTy of two graphs Iy and Iy is a graph with vertex set V(I'1) U V(Ty) and edge set E(I'1) U
E(T%). The intersection 't NTy of Ty and Ty is defined analogously.

Let S be a subset of a group G such that 1 ¢ S and S = S~!. The Cayley graph Cay(G,S) is a graph
with vertex set G and edge set {{g, gs}/ g € G, s € S}.

Definition 2.2 ([7]). Let S be a subset of a group G such that 1 ¢ S and S = S~!. Let R be a subset of G
such that S C R and RS C R, where RS ={rs| r € R, s € S}. The pseudo-Cayley graph PCay(R,S) is a graph
with vertex set R and edge set {{r,rs}| r € R,s € S}.

Definition 2.3 ([7]). Let N be a normal subgroup of a group G and I' = Cay(G, S) be a Cayley graph. Then
I' = Cay(G,N_(S)) and T = Cay(G,N"(S)*), where N\(S)* = N/\(S) — 1, are called, respectively, the
lower and upper approximations edge Cayley graphs of I' with respect to N. Also, (I',T) is called a rough
edge Cayley graph of T.

Definition 2.4 ([7]). Let R be a subset of a group G, N be a normal subgroup of G and I' = PCay(R, S)
be a pseudo-Cayley graph. Then I'" = PCay(N_(R),SNN_(R)) and T = PCay(N"\(R),S), are called,
respgtively, the lower and upper approximations vertex pseudo-Cayley graphs of I' with respect to N. Also,
(F',T") is called a rough vertex pseudo-Cayley graph of T.

Definition 2.5 ([7]). Let R be a subset of a group G, N be a normal subgroup of G and ' = PCay(R,S)
be a pseudo-Cayley graph. Then ' = PCay(N_(R),N_(S)) and = PCay(N”(R),N/\(S)*), are called,
respectively, the lower and upper approximations pseudo-Cayley graphs of I' with respect to N. Also,
([”,f”) is called a rough pseudo-Cayley graph of T.

3. Counterexamples

Theorem 4.6 in [7] is as follows:

Let N and H be normal subgroups of a group G and I' = Cay(G,S) be a Cayley graph. Then 'y =
FyNy and Tyan =TH NN

The following example shows that both I'ijnn € 'y Ny and ThAN 2 T N TN do not hold in general.
Example 3.1. Let G = Zy x Zy = (a) x (b),N ={1,a},H = {1,b},S = {a,b} and T' = Cay(G,S). Then
N_(S) = H_(S) = 0 and (HNN)_(S) ={a,b}. It is obvious that I'ynn € Iy NCN. Also, NN(S)* =
HA(S)* ={a,b, ab} and (HNN)(S)* ={a,b}. Tt is clear that TN 2 T NTN.

Theorem 5.6 in [7] is as follows:

Let N and H be normal subgroups of a group G and I' = PCay(R,S) be a pseudo-Cayley graph. Then
Mlian =T NIR and Ty =T AT

The following example shows that both I'f;4n € 'ty NIy and f{{mN ) f}/{ N ﬁ/\l are not necessarily true.
Example 3.2. Let G =Za x Zy = (a) x (b),R={1,ab},N ={1,a},H={1,b},S ={ab} and I' = PCay(R, S).
Then N_(R) = H_(R) = @ and (HNN)_(R) = {1,ab}. Obviously T'{yrn € Ty NTH- Also, N(R) =
HR) ={1,a,b, ab} and (HNN)(R) = {1, ab}. So, Tiyon B T N T
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Theorem 6.6 in [7] is as follows:
Let N and H be normal subgroups of a group G and I' = PCay(G,S) be a pseudo-Cayley graph. Then
7 17 17 = =/ =/
Then =T NIy and Ty =T NN
The following example shows that both I'tjn € [y NCY and fﬁmN ) fﬁ N T{\/,, however, are not true.
Example 3.3.

(1) Let G = Z15,R = {0,2,4,5,6,8,10,11},N = {0,4,8},H = {0,6},S = {6} and T = PCay(R,S). Then
N_(R) ={0,2,4,6,8,10} and H_(R) = (HNN)_(R) ={0,2,4,5,6,8,10,11}. Also, N_(S) = H_(S) = § and
(HNN)_(S) = {6). Obviously, ' € Iy NI

(2) Let G = Zy xZy = (a) x (b),R = {1,ab},N = {1,a},H = {1,b},S = {ab} and T = PCay(R,S).
Then N(R) = H™R) = {1,a,b,ab} and (HNN)(R) = {1,ab}. Also, N(S)* = {b,ab}, H\(S)* =
{a, ab}, (HAN)N($)* = {ab}. Clearly, Tiian 2 Th N TN

4. Main results

The following theorems are pseudo-Cayley version of Theorems 2.4-2.7 in [7]. One can easily verify
them.

Theorem 4.1. Let PCay(R,S;) and PCay(R, S2) be pseudo-Cayley graphs, where R is a subset of a group
G. Then

(1) PCay(R,S1)UPCay(R,S3) =PCay(R,S; US,),
(2) PCay(R,S1)NPCay(R,S3) =PCay(R,S1NS,).

Theorem 4.2. Let PCay(Ry,S) and PCay(R2,S) be pseudo-Cayley graphs, where R; and Ry are subsets of
a group G. Then

(1) PCay(Ry,S)UPCay(Re,S) = PCay(Ry URy, S),
(2) PCay(Ry,S)NPCay(Re,S) =PCay(R; NRy,S).

Theorem 4.3. Let PCay(Ry,S1) and PCay(Rg, S2) be pseudo-Cayley graphs, where Ry and Ry are subsets of
a group G. Then

PCay(Rl, Sl) N PCay(RQ, 32) = PC(ly(Rl NRy,$1 N Sg).

Theorem 4.4. Let PCay(R,S1), PCay(R, S2), PCay(Ry,S) and PCay(R2, S) be pseudo-Cayley graphs, where
R, R; and Ry are subsets of a group G. Then

(1) PCay(R, 51) - PCay(R, Sz) if and only if Sl - 32,
(2) PCag(Rl, S) - PCCly(RQ, S) if and only if Rl - RQ.
The following theorem is the modified version of Theorem 4.6 in [7].

Theorem 4.5. Let N and H be normal subgroups of a group G and let ' = Cay(G,S) be a Cayley graph.
Then

(1) Tyan 2 THULN 2 TN,

(2) Than € THNTN € THUTN.

Proof.

(1) By Proposition 2.1(1), (HNN)_(S) 2 H_(S)UN_(S) D H_(S)NN_(S). Now, ([7], Theorem 2.7(1))
implies that

Cay(G,(HNN)_(S)) 2 Cay(G,H_(S)UN_(S)) 2 Cay(G,H_(S)NN_(S)).
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On the other hand, from ([7], Theorem 2.4), we have

Cay(G,H_(S)UN_(S)) = Cay(G,H_(S)) U Cay(G,N_(S)),
Cay(G,H_(S)NN_(S)) = Cay(G,H_(S)) N Cay(G,N_ .

Therefore 'y 2 THUNN 2 THNIN-
(2) By Proposition 2.1(2), ([7], Theorem 2.7(1)) and ([7], Theorem 2.4), the proof is similar to (1). O

The converse of some statements of Theorem 4.5 is not necessarily true. For example, let G = Dg, N =
{1,a’,H = {1,a,a?,a®,S = {b,a?b} and T = Cay(G,S). Then N_(S) = {b,a?b},H_(S) = ) and (HN
N)_(S) = {b,a®b}. So I'ynn = T UTKN ¢ 'y NITN. Also, by Example 3.1, one can easily see that
THAN g_ 'y Uy and TyAaN ;é 'mNI'n-

The modified version of Theorem 5.6 in [7] is as follows:

Theorem 4.6. Let N and H be normal subgroups of a group G and let I' = PCay(R, S) be a pseudo-Cayley
graph, where R is a subset of G. Then

(1) Than 2 THULY 2 THNIY,
(2) Than € ThNTh € THUTK.
Proof.

(1) By Proposition 2.1(1), we have

(HAN)_(R) D H_(R)UN_(R). (4.1)
Also,
SN((HNAN)_(R)) 2SN (H-(R)UN_(R)) = (SNH_(R)) U (SNN_(R)). (4.2)
Note that
PCay((HﬂN)_(R),Sﬂ ((HAN)_(R))
D PCay (H,(R) UN_(R),SN((HN N),(R))) by (4.1) and Theorem 4.4(2)
D) PC(ly (Hf(R) U Nf(R), (S N Hf(R)) U (S N Nf(R))) by (4.2) and Theorem 4.4(1)
=PCay(H_(R)UN_(R),SNH_(R)) by Theorem 4.1(1)
U PCay(H_(R)UN_(R),SNN_(R))
DO PCay (H_(R), SNH_( )) UPCay (N_(R), SN N_(R)) by Theorem 4.4(2)
So,

PCay((HNN)_(R),SN((HNN)_(R)))
D PCay(H-(R),SNH_(R)) UPCay(N_(R),SNN_(R)).

It is obvious that
PCay (Hf(R), SN Hf(R)) UPCay (Nf(R), SN Nf(R))
D PCay(H-(R),SNH_(R)) NPCay(N_(R),SNN_(R)).
Therefore I'yon 2 THUINY 2 T NI
(2) By Proposition 2.1(2), Theorem 4.4 and Theorem 4.2(2), the proof is similar to (1). O

The converse of some statements of Theorem 4.6 does not hold in general. For example, let G =
Z12,R = {0,2,4,5,6,8,10,11},N = {0,4,8},H = {0,6},S = {6} and T = PCay(R,S). Then N_(R) =
{0,2,4,6,8,10}, H_(R) = {0,2,4,5,6,8,10,11} and (HNN)_(R) = {0,2,4,5,6,8,10,11}. Also, SAN_(R) =
SNAH_(R)=SnN ((Hﬂ N),(R)) ={6}. Thus I'i;n =T UTN € Ty NTN- Also, by Example 3.2, it is easy
to see that Iy € Ty UTK and Tyyan 2 T N T

The following theorem is the modified version of Theorem 6.6 in [7].
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Theorem 4.7. Let N and H be normal subgroups of a group G and let I' = PCay(R, S) be a pseudo-Cayley
graph, where R is a subset of G. Then

(1) Mhon 2 THUTE 2 TfNTY,

=/ =3

(2) Than € TNTx € ThHUTw.

Proof.

(1) By Proposition 2.1(1), we have

(HAN)_(R) D H_(R)UN_(R), (4.3)
(HAN)_(S) D H_(S)UN_(S) (4.4)
Note that
PCay((HNN)-(R), (HNN)_(S))
D) PCCLy (Hf(R) U Nf(R), (H N N)f(S)) by (4.3) and Theorem 4.4(2)
=PCay (H_(R), (HN N)_(S)) by Theorem 4.2(1)
U PCay(N_(R), (HNN)_(S))
DO PCay (H_(R), H_ (S)u N_(S)) by (4.4) and Theorem 4.4(1)
U PCay (N_(R), H_(S) UN_(S))
DO PCay (H_(R), H_(S)) UPCay (N_(R), N_(S)) . by Theorem 4.4(1)
Thus

PCay((HNN)_(R),(HNN)_(S))
D PCay(H-(R),H_(S)) UPCay(N_(R),N_(S)).

It is clear that

PCay(H-(R),H_(S)) UPCay(N_(R),N_(S))
D PCay(H-(R),H_(S)) NPCay(N_(R),N_(S)).

Therefore iy 2 TR ULY 2 TNIX.

(2) By Proposition 2.1(2) and Theorem 4.4 and Theorem 4.2(2), the proof is similar to (1). O

By Example 3.3, one can see that I'fjn € THUTE € T NI, and Ty 2 Ty NTa. So, obviously,
the converse of some statements of Theorem 4.7 is not true.
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